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AbItnct-ln the present paper, minimum compliance design problems of thin, solid elastic plates are
discussed. We follow up indications provided by numerical results obtained in a recent paper[I), and
propose a new plate model, where a uniform plate is equipped with an infinite number of infinitely thin
inteJl'llI stiffeners. On the basis of this new plate model, numerical and analytical investigations of a new
formulation of the minimum compliance design problem are carried oul. It is demonstrated that the new
formulation is, under certain conditions, superior to the corresponding traditional formulation for determin
ing a possible global optimal solution for solid plates.

Since both the new formulation and the traditional formulation are based on classical thin plate theory,
the superiority of the new plate model over the corresponding smooth one directly implies that optimal
thickness distributions for thin, solid, elastic plates, are generally not smooth functions, but functions with an
infinite number of discontinuities. '

I. INTRODUCTION
In a recent paper[1] by Olhoff and the author a series of numerical results for minimum
compliance design problems of thin, solid elastic plates with given material volume and
constraints on the thickness variation are presented. Both results for annular and rectangular
plates show a clear tendency of an optimal design with integral stiffners. The optimal thickness
distributions for annular plates further indicate that under some conditions the global optimal
design may be a plate, which, at least in some subregions, is equipped with an infinite number of
infinitely thin stiffners.

However, the numerical investigations in [1] cannot be used to follow the whole limiting
process and confirm the above conclusion. One obvious reason is that it is impossible to use an
infinite number of elements in the numerical computations such as to obtain compliances for
plates with an infinite number of discontinuities. Moreover, using finite, but high numbers of
elements in the calculations, the results would be encumbered with inevitable numerical errors
as more and more thickness jumps emerge in the design. It follows from considerations of this
kind that it would be worthwhile to study the possible limiting case directly, i.e. densely
stiffened plates, by reformulating the optimal design problem, and to see whether densely
stiffened plates are superior to smooth plates or nolo

The present paper deals with the problem of minimizing the compliance of thin, solid elastic
plates. Unlike the traditional formulation, see, e.g. [7], which usually leads to smooth designs,
we in the present paper develop a new plate model in which the thickness is allowed to have an
infinite number of discontinuities. Moreover, the density of infinitely thin integral plate
stiffeners is used as the design variable in the formulation for optimal design. In order to be
consistent with earlier investigations, we still use the Kirchhoff thin plate theory, but take
discontinuities of the plate thickness into consideration for deriving the appropriate bending
rigidity moduli of the new plate which is, in fact, an anisotropic plate.

Having studied the new plate model, we reformulate the minimum compliance design
problem and investigate it both numerically and analytically. On the basis of the complementary
energy principle, we obtain certain conditions under which the new plate model is superior to
the corresponding smooth one. This superiority is demonstrated by a series of numerical
examples for annular plates. By choosing the directions of the stiffeners and varying the
thickness of the integrally stiffened plate, we are able to show that the new plate model is
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indeed superior under quite general conditions. Since the new plate model is formulated on the
basis of thin plate theory, which also constitutes the basis for the traditional formulation of
optimal design of thin, solid, elastic-plates, the superiority-directly implies that, in general, the
optimal thickness distribution of thin, solid, elastic plates is hardly a smooth function, but a
function with an infinite number of discontinuities.

For simplicity, in Section 2, we deal only with annular plates, whose thickness distributions
and boundary conditions are axially symmetric. As is in [I], the applied loads are assumed to
vary harmonically in the circumferential direction. In Section 3, our study is then extended to
solid plates with an arbitrary contour.

2. ANNULAR PLATES

2(a) Formulation for smooth plates [1,7]
In polar coordinates, r, 8, if we only consider load distribution functions p(r, 8) of the

special type

per, 8) =I(r) cos n8 (1)

where n is a given integer, for an annular plate with axisymmetric thickness distribution and
boundary conditiohs, the minimum compliance design problem associated with given material
volume and prescribed constraints for the thicknesses her) can be formulated as follows, with
her) as the design variable,

and

minimize ~=fa I(r)w(r)r dr

subject to fa h(r)r dr =1

hmins h s hmau rEO{r/Rj s rs I}.

(2)

Here, w(r) is the 8-independent factorial of the deflection W(r, 8) =w(r) cos n8 of the plate
under the given load per, 8), eqn (1), and specific boundary conditions. All variables are
dimensionless, and the inner and outer plate radii are Rj and 1, respectively.

On the basis of the energy principle of linear elasticity, the compliance ~ above can also be
expressed in terms of the specific strain energy 41A or complementary energy 4lc, i.e.

(3)

or

Here,
(5)

and" is Poisson's ratio, Km K", K,. are the 8-independent factorials of radial, circumferential
and twisting curvatures, respectively and Mm M" and M,. are the 8-independent factorials of
corresponding moments. The curvature-deflection and moment-curvature relations are given by

and

w' n
2
w [nw]K"=W", K"=,-7' K,.=- r' (6)

(7)

respectively, where primes denote differentiation with respect to r.
The necessary condition for optimality, which can be derived in different ways [I, 7] is as



follows,

or
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aD
ah [K;" +K~+2lJK"IC" +2(1- lJ)K~] =A - a +13

iJ,. ~[M;"+ Mk-2lJM"M" +2(1 + lJ)M~] = A* - a* + 13*,

797

(8)

(9)

where A and A* are constants, and a, a*, {J, (J* are equal to zero at all points r where the
thickness constraints are inactive [1].

2(b) New plate model
The numerical results in [I] clearly show the tendency that the optimal design under some

conditions may be a plate, which, at least in some of its subregions, is stiffened with infinitely
thin stiffeners. Motivated by this indication, a new plate model is proposed here.

The new plate model consists of a uniform part of thickness hmin to which an infinite number
of integral stiffeners in the circumferential direction are attached, see Fig. 1. The stiffeners have
rectangular cross-sections of fixed height (hmu - hmin) and infinitesimal width. We further
assume that all the stiffeners are placed symmetrically with respect to the mid-plane of the
plate. As the design variable, we will choose the density b(r) of stiffeners defined by

b() 1· IAd; 1 l' IAc;r = 1m -- = - 1m --,
Ar....o Ar Ar....o Ar

(10)

where Ad; is the width of the ith stiffener, Ac; is the distance between the ith stiffener and the
(i + l)st stiffener. All l:a.di, Ac; and Ar shown in Fig. 1 are infinitesimal.

2(c) Specific strain energy for the new model
The total strain energy in the small region Ar can be calculated as a sum of all small

contributions. As in [1], all the stiffeners will be assumed to be parts of the plate. Thus, the
contribution from the ith stiffener is

and the contribution from the ith small section between the ith and (i +1)st stiffener is

where

Fig. I. New plate model.

(11)

(12)

(13)
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According to its definition, the specific strain energy is a limit of the average strain energy,
i.e.

(14)

Based on the expressions (11) and (12), the limiting process indicated above cannot be
performed because the thickness jumps cause discontinuities in the radial curvature K". In fact,
the continuity conditions at interfaces between adjacent subregions only provide continuity of
deflection w, rotation Wi, radial moment Mtr and radial shear force Q,. Taking eqn (6) into
consideration, curvatures K" and Krt are also continuous. Therefore, alternative expressions
l1e1li and l1e1l r in terms of continuous quantities can be written as

l1e1li =[DlII&x(1- Jl2)Kit.i + 2Dmax(1- JI)K~.i+ ~~~]l1diri

l1e1lr=[Dmin(1- Jl2)Kit.r+ 2Dmin(1- JI)K~.r+~':r]I1Cirr•

Substituting them into eqn (14) and completing the limiting process, we obtain

(15)

(16)

ellA =[Dmin+b(r)(Dmax - DmiJ][(1- Jl2)K~+ 2(1- JI)K~l+ M;"[Db(r) + 1-
D

b.(r)]. (17)
max min

The radial curvature K tr for plates is, in general, defined as

d
2
w . [dW/ dW/ ]/K = =hm - - - I1rtr d7 6r~ dr r+6r dr r •

Then, the radial curvature Ktr for the new plate model can be expressed as

(18)

(19)

Expressing Ktr.i and Ktr.r by means of Mtr,j, K",j, ... , and substituting into (19), the continuity of
Mtr and K" leads to

[
b(r) 1- b(r)]-I

Mtr = -D+ -:---D. (ICtr + JlIC,,).
max man

Resubstituting (20) into (17), we have the specific strain energy

(20)

ellA =[Dmin + b(Dmac Dmio)][lC;r + ICit + 2J1ICrr/C" + 2(1- JI)IC~l

+b(b -l)(Ktr + JlICH)2(Dmax - Dmin)2J[bDmio +(1- b)Dmaxl. (21)

Finally, we emphasize that the above derivation is completely consistent with the classical plate
theory, which also constitutes the basis for the traditional formulation of optimal design of thin,
solid, elastic plates. Therefore, a solution of this new model provides a limiting solution of a
series of solid plates, whose numbers of thickness discontinuities tend to infinity. However,
from a practical point of view, the new model has some shortcomings. For example, the very
thin stiffeners may buckle, and the classical assumption concerning straight normals is hardly
valid when the thickness of the plate undergoes sharp variations. The traditional formulation
for optimal design of thin, solid, elastic plates is, however, also subject to these shortcomings,
but since it is our objective here to study the results of optimizing solid plates, with the usual
assumptions included in the theory, we disregard possible shortcomings of this theory.
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2(d) Minimum compliance design formulation for the new plate model
Having obtained the specific strain energy, it is straightforward to derive the moment

curvature relations for the new model. After introducing the convenient short-hand notation

and

(22)

the moment-eurvature relations can be written as

or

(24)

In the above manipulations the following identity

(25)

has frequently been used.
By studying the moment-eurvature relations, it is noticed that the new model is nothing but

a plate made of cylindrical anisotropic material (4), for which the governing equations are
available in (4,5).

For the linearly elastic materials considered here the specific complementary energy cI>c is
easily obtained if we substitute (24) into (21),

Let us now formulate the minimum compliance design problem for the new plate model as
follows:

With b(r) as the design variable, minimize cI> =In f(r)w(r)r dr subject to the volume constraint

and the density constraints

fn[bhmax +(1- b)hmiJr dr =1

Os b(r)s 1.

(27a)

(27b)

Again, w(r) is the 8-independent factorial of deflection of the plate under given load p(r. 8) =
f(r) cos n8 and certain boundary conditions.

Applying the Lagrange multiplier method [I), the necessary condition for optimality is found
to be
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where A is a constant and a and fJ satisfy

K.·T. CHENG

a =0, fJ =0 when 0< b(r) < 1,

a¢ 0, fJ = 0 when b(r) = 0,

a =0, fJ¢ 0 when b(r) =1.

Several numerical solutions are presented in Section 2(g).

2(e) Min-min problems.
In order to make a theoretical comparison between solid plates and corresponding new

model plates, let us cast the above formulations (2), (27) into min-min problems [2]. This is
mainly done on the basis of the minimum complementary energy principle, which can be stated
as [3]:

For the statically admissible moment field associated with an actual displacement field, the
total complementary energy attains a minimum value when compared to values resulting
from any other statically admissible moment field.

As is well known, the compliance of a structure of linear elastic material equals the total
complementary energy of the structure, when it is in equilibrium. Therefore, the minimum
compliance design problem can easily be reformulated as a min-min problem [2], i.e.

Min { Min {f 4>crdr}}.
admissible desians admissible moments n

(29)

The expressions for 4>c of solid plates and new plates are given in (4) and (26), respectively.
The so-called admissible designs are conceived as designs which satisfy the given constraints
for the volume and for the design variable. The admissible moment field is to satisfy the statical
boundary conditions and equilibrium equations in terms of moments. For both solid plates and new
model plates, the set of admissible moment fields will be completely the same if the same loads and
statical boundary conditions are considered. In other words, astaticallyadmissible momentfield for
asolid plate is also an admissible one for the new model plate and vice versa, if they have the same Ri,

applied loads and statical boundary conditions. Furthermore, keeping the statical boundary
conditions and external loads unchanged, the actual moment field for a solid plate is certainly an
admissible moment field for the new model plate.

2(f) Superiority of the new model
The following theorem establishes the conditions under which a new model plate is superior

to the corresponding smooth one.
Theorem A. Suppose that there in a smooth, solid plate optimal design exists a subregion

a,{rla :s r:S d} where hmin < h <"hmu and where tbe actual moments satisfy

(30)

with a =hihlllin and fJ =hmax/ hmin• Then, the compliance will be further decreased if the material
distribution is kept unchanged, but a new model section is constructed instead of the original
one in a,.

Proof. Let 4>' denote the compliance of the original smooth design. By means of its actual
moments Mm M" and M", eqn (4) leads to

4>5 =JnD(1 ~ ;12) [M~ - 211M"M" +M~+2(1 + lI)M~]r dr. (31)

Now we change the smooth plate section into the new model section and obtain a new plate.
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During that change, the material· distribution is kept unchanged, i.e.· the density b(r) of
stiffeners in 0, satisfies

hmin +b(r)(hmax - hmin) = h(r)

and

0< b(r) < 1.

rEO, (32)

Taking the moments Mm M.. and M.. as statically admissible ones for the new plate, the
integral in eqn (29) can be calculated as

4>A =J0 {D..(l1_v2) [M;-2vMrrM.. +M~+ 2(1 +v)M~],

+Dg;,~r M;}rdr (33)

+Jo. DO ~ v2)[M; - 211MrrM.. +M~ +2(1 + II)M~]r dr,

where

According to (29), it turns out that

0. =0-0,. (34)

(35)

where 4>N denotes the actual compliance for the new plate. Based on (31) and (33), the
difference between 4>A and 4>' is given by

4>A -4>' =J0 {(Dl=-S)-I) [M;-2vMrrM..+M~+20 + v)M~] +(Dr-I- D;J)M;}rdr,
•

(36)

which will certainly be less than zero if the integrand on the r.h.s. is less than zero everywhere
in 0,. The latter condition is identical with the following inequality,

M; 1 [ 1 I] D,P..
[M~ - 2vMrrM.. +ML +20 + II)M~] < 1- 112 D- D" (D.. - Dr)"

(37)

Solving b(r) from eqn (32) and inserting it into eqn (22) and (37), some algebraic manipulations
furnish

[.!.__I] D,D.. _ (a +p+1)f
D D.. (D.. - Dr) - ({J2 +(J +1) a3'

(38)

Comparing (38) with (30), we conclude that if eqn (30) is satisfied everywhere in 0" we will
have

4>A - 4>' < 0 or 4>A < 4>'. (39)

Taking eqn (35) into consideration, we further come to the conclusion that if the conditions
of Theorem A hold, then the inequality

(40)

will hold good. However, eqn (40) simply implies superiority of the new model over the original
smooth one, Le. the latter cannot constitute a global optimal solution.
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F"/&. 2. Below the curves a smooth design can be improved by constructing a new model section. p., a are
given in (41). Poe, is given in (30).

In order to discuss this result, let us denote the expression on the r.h.s. of (30) by p.c,. Figure
2 shows P.cr by a set of curves vs a for different ~. With a smooth (or partially smooth) local
optimal design for a solid plate and its actual moments in hand, the curves in Fig. 2can serve to
determine whether there exists a new model plate that is superior to the smooth one. This can
be done as follows. First, using the available thicknesses and moments, we calculate

h ~2

a = hmin' p. =[~~ - 211~"M.. +Ah. +2(1 +lI)~~] (41)

at each point of subregions where hmin < h < hmax• Then points with coordinates (a, p.) are
plotted in Fig. 2. If some of these points lie below the curve corresponding to the given ~, it can
be concluded that there exists a new model plate that is better than the smooth one.

Two interesting features should be emphasized here.

1. For any finite ~, ~ > 0, points with ~" =°are always below the curves. This means that
along curves with ~" =0, it is always worthwhile to construct a new model section instead of
the original smooth one, no matter how small ~(~ >0) is.

2. For large values of ~, the new model plate can be still better than the corresponding
smooth one although ~~ is rather large in comparison with

~~ - 211~"M.. +~~+2(1 + 11)~~,

as long as condition (30) holds good. This statement is consistent with the result in [2], where
Reiss proved that the compliance can be made arbitrarily small for a simply supported solid
circular plate subjected to any axisymmetric loading unless this includes a concentrated load at
the plate centre.

Theorem Aindicates that a global optimal thickness distribution for a solid plate is probably
a mixed structure of smooth thickness segments and new model segments. However, on the
basis of Theorem A, the following corollary can be established.
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(Corollary 1. If the thickness h satisfies

hmin < h < hma..

803

in any smooth part of a global, optimal, solid plate design, then the actual moments must violate
condition (30).

Finally, it should be emphasized that the condition in Theorem A is only a sufficient one.
For points lying above the curves in Fig. 2, there still exist the possibility that a new model
plate may be superior to the corresponding smooth one.

2{g) Example
Since the above results hold for full circular plates as well, we consider in the following an

example of a full circular plate with unit radius and uniformly distributed edge moments Mo
applied to the outer edge. For this example, see Ref. [2], a uniform thickness distribution
constitutes a local optimal design, as may easily be checked by solving the plate equation and
boundary conditions, and then substituting its solutions

(42)

into the necessary condition (7) or (8) for optimality. The corresponding compliance

(43)

is determined as the work done by the edge moments Mo.
Now let us turn to the new model, i.e. a full circular plate consisting of a uniform part of

thickness hmin to which is attached a set of uniformly distributed stiffeners of height (hmax 

hmin) and density

b{r) = (h - hmia)/{hmax - hmin) = (a -I)/{{~ - 1),

where hmax and hmin are all given.
Referring to the theory of anisotropic plates [4,51, the solution

- Mo (I m+J)
W - D,{m +1I){m + I) - r ,

M, = M, ,m-I M, = MOll [m +..!.],m-I
rr 0 , .. (m + II) II,

for the new plate enables us to obtain the following compliance

M,2
cI> - 0

N - D,{m + II)'

where

(44)

(45)

(46)

Although the new plate has uniformly distributed stiffeners, which is not an optimal choice
for this type of plates, its compliance cl>N is already lower than the corresponding cI> in (43)
when the conditions in Theorem A hold. The three curves in Fig. 3 show the dependence of
cI>/cI>N on hmin for different values of hmax• Notice that the fact that the conditions in Theorem A
are only sufficient conditions, is directly implied in Fig. 3.

2(h) Numerical results and discussions
The minimum compliance design problems for the new model plates are now solved
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Fig. 3. Compliance comparisons. Full circular plates, uniformaly distributed edge moment. ~mpliance of
uniform. solid plates. 4lH -compiiance of uniform, new plate model. h =1.0, ,,= 0.2S.

numerically. The general iterative scheme developed in [I] is slightly revised and used to obtain
all the numerical results presented in the following.

To compare with the numerical results for solid plates in (1], the plate to be optimized below
has the same Poisson's ratio /I =0.25 and same geometrical size as in (1], i.e. the inner plate
radius is taken to be one-fifth of the outer plate radius, the ratio between the thickness
constraints is hmaxlhmin =5 and hmin is given via the ratio hJhmin =1.6579, where h" is the solid
plate thickness corresponding to a uniform distribution of the available volume over the plate
area. Figure 4(aHi) illustrate numerical solutions for annular, new model plates with the nine
possible combinations of clamped, simply supported and free inner and outer plate edges. Each
solution is illustrated by a radial section through the plate, together with the 8-independent part
w(r) of the deflection function. All the results are associated with the load wave number n =4,
and 50 elements are used in the numerical calculations. In Table 1, we list the corresponding
compliances for the nine combinations. As is in [1], we state the compliances as fractions of the
compliance 4>".. of a corresponding uniform plate that has the same loading, boundary
conditions, total volume and inner and outer plate radii, and that is made of the same material.
The results in the second column are the minimum compliances for solid plates quoted from
Fig. 5 in [1]. The third column shows compliances for new model plates, which consist of
uniform plates of thickness hmin and uniform density distributions b(r) of integral stiffeners.
Comparisons of the numerical results in the second and third column give a clear demonstration
of the superiority of the new model plate. In the last column we show the minimum
compliances for the new model plates, which correspond to the optimal designs shown in Fig.
4(aHi). Referring to the results in the third column, it is obvious that for the new model plates
themselves, we gain very little by the optimization. This may be explained by the fact that the
new type of structure, i.e. the new model plate, is itself an optimal one in the present case.

The above results should not lead to the impression that the new model plates are always
superior to the corresponding solid ones. Our numerical results reveal that there are situations
in which the optimal design for the new model plate is even inferior to the corresponding
uniform, solid one. Let us take the c1amped-clamped plate as an example, and optimize it
subject to the load wave number n =O. Results for hmaxlhmin =5 and hmaxlhmin =20 are shown in
Figs. 5(a) and (b), respectively. Stating the compliances as a fraction of the compliance CI>"•• as
before, the compliance for the optimal new model plate is equal to 1.016 for hmaxlhmin =5,
which implies that the optimal new model plate is even inferior to the corresponding uniform,
solid one. However, with hmaxlhmin = 20, we find 4>m,n/Cl>".• = 0.290, i.e. the new model.plate,~

certainly superior. It is obvious tht the inferiority of the new plate model in the present case-is
due to the fact that the stiffeners are oriented in a direction in which the moment does not
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Fig. 4. Results of optimizing annular, new model plates of different boundary conditions. Dolled lines show
radial sections of their uniform parts. Densities of stiffeners are visualized by the distances between solid
curves and dolled lines. In each picture the 8·independent part wof the deflection function is also indicated
by a solid curve. (a) Clamped-clamped plate. (b) Simply supported·simply supported plate. (c) Free-free
plate. (d) Clamped·free plate. (e) Simply supported.free plate. (0 Free-clamped plate. (g) Simply supported·
clamped plate. (h) Clamped·simply supported plate. (i) Free·simply supported plate, n = 4, SO elements.

Their compliances are given in Table I.

Table I. Comparison between solid plates and new plate models

B.C. tm,s/·u,s • It tm,n/tu,su,n u,s

c-c 0.536 0.444 0.415

s-s 0.605 0.324 0.302

f - f 0.265 0.215 0.198

c-f 0.251 0.217 0.198

s - f 0.256 0.215 0.197

f - c 0.617 0.430 0.404

s - c 0.564 0.434 0.407

c - s 0.584 0.330 0.307

f - s 0.645 0.323 0.302

Boundary conditions at inner and outer edges are indicated in the first column. ~Iamped, s-simply
supported, f-free. Subscripts s, n, mand u refers to solid plates, new model plates, minimum compliance
design and uniform design, respectively.
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Fig. S. Influences of ratio h...III..in on the comparisons between new model plates and solid plates.
Axisymmetric uniform loads. R. =0.2. Both inner and outer plate edges are clamped. <a) h...lh.... =S,
~".)~... =1.016. (b) h...JhOlin =20, ~".)~... =0.290. The deflection curve in (b) is amplified 10 times.

dominate. It will be shown in Section 3 that by choosing the directions of the stiffeners and
varying the thickness of the integrally stiffened plate, the new plate model is, in fact, superior
under quite general conditions.

It should finally 'be mentioned that the new model plates overestimate the stiffness of the
physical structure, particularly when the density b(r) is very small. As is well known, a very
thin stiffener should be considered as a thin curved beam whose strains are described by the
theory of small deformations of thin curved beams [9].

3. A GENERALIZED NEW SOLID PLATE MODEL
AND ITS SUPERIORITY

From the above discussion of annular plates one can clearly see the feature of thin, solid,
elastic plates: that the compliance can be further decreased by introducina an infinite number of
discontinuities into the thickness distribution, while keepina the material distribution un
changed.t It is also discovered in Section 2(h) that the directions of the stiffeners playa crucial
role in the superiority of the new plate model. It will be shown in the followina that, by choosing the
directions of the stiffners and varying the thickness of the integrally stiffened solid plate, a
generalized, integrally stiffened solid plate model will be superior to the corresponding smooth one
under quite general conditions.

The generalized, integrally stiffened, solid plate model consists of a smooth part of varying
thickness he(x, y), which is equipped with an infinite number of integral stiffeners in suitable
directions. These directions will be determined in the followina. We also assume that the
stiffeners have rectangular cross-sections of varyina height (hlllU - he) and infinitesimal width,
and that only one stiffener is allowed at each point of the plate.

Let us consider the vicinity of an arbitrary point (x, y) of a plate, see Fig. 6, and introduce a
local rectangular coordinate system (t, .,,), in which the t axis coincides with the direction of
the stiffeners. On the basis of the derivation given in 2(c) and 2(d), which is not restricted to
annular plates, we can immediately write the expression for the specific complementary energy
as follows,

(47)

tThis feature is unique for solid plates. In [II], it is proved that in the case of sandwich plates and "beam stiffened
plates" the complianc:e cannot be reduced by introducina an infinite number of discontinuities into smooth designs while
keeping the material distribution unchanged.
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Fig. 6. Generalized new plate model.

D" = bD
e
~i·:~)Dmax' Df'I = bDmlx +(1 - b)De

Dc = h/,

807

(48)

(49)

and where Mu and M"" are the bending moments in the ~ and." directions, respectively, and
Mf'I is the twisting moment.

The comparison between smooth plates and the new plates will be performed via the same
logic as was used in Section 2. Assume first that we have obtained a smooth (or partially
smooth) solid plate, together with its actual moments and compliance ~', for given load and
boundary conditions. Keeping the material distribution unchanged, it is our aim to change the
smooth part into the new model. On the basis of the complementary energy principle, the actual
compliance ~N of the new plate satisfies

(50)

where ~" is obtained by substituting admissible moments into the complementary energy
expression. Using the actual moments of the smooth design as admissible moments for the new
plate, we obtain

~"-~' =f {(Dbl- D-
1
) [M 2 - 2vM--U +M2 +2(1 +v)M2 ]

n (1- v2) "" W""" U f'I

+(D"-I-D~)M~}d~d.,,. (51)

In order to have

(52)

we adjust the directions of the stiffeners and the thickness he at each point such that the
integrand becomes as large a negative value as possible. At a point where a negative value of



~ K.·T.CHENO

the integrand cannot be achieved, we keep the original smooth design unchanged. Obviously,
the subregions of the original smooth design, where h =hmu. or h =hu , should not be
changed, and we need only consider subregions where

hmin < h < hmu..

It is always possible to partition such a subregion into two subregions~ and 0", where the
two principal moments M" M2 have opposite signs and the same signs, respectivley. At any
point of 00, there will exist an l1-direction such that

M.,.,=O, (53)

since the two principal moments have opposite signs. In subregion ~, we now place the
stiffeners in the direction perpendicular to the l1-direction, i.e. the t-direction, and choose the
thickness he as

(54)

By means of these choices, the integrand becomes neptive,

because with unchanged material distribution, the density of stiffeners

b =(h - hmiJ/(h..,. - hmiJ,
leads to

D~ - D-l =[bD..,. +(1- b)DDluJ-1- D-1<0.

(55)

(56)

(57)

Note that inequality (55) does not hold good if Mg =M", =O. However, the optimality
condition prevents points with Mg =M.,., =M", =0 from having intermediate thicknesses.
Therefore, inequality (5S) holds strictly.

Let us now turn to a subregion 0,,, where the two principal moments M1 and M2 satisfy

(58)

Denoting the smaller of IM.I and IM21 by IM.,.,I, and placing the stiffeners in the t-direction, the
integrand

(59)

can be considered a function of he for a given set of Mg, M."" h..,. and he. We have found that
in order to abtain such an he that

1<0,

h must satisfy the condition

(1+2a) > I
(1-112)(1 +a +a2j2 g'

where
_ h/h d - Mlc - 2vM#n +Miaa- ..,.an g- M .,.,

and g =,\2-2v'\ +1, ,\ =:,«..,.,

(60)

(61)

(62)
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It is noteworthy that condition (61) is precisely the same condition as was proposed by Lurie
and Cherkaev in [10], where they studied the maximum fundamental frequency design problem
for thin, solid, elastic plates, and considered the effect of strong, local variations of the
thickness. Note also that if we let a tend to I, such that hmax -+ h, we obtain the following special
case of condition (61)

(63)

or

(64)

which was earlier obtained by Reiss [2] and applied to the minimum compliance design problem
for circular plates. Reiss derived condition (64) by considering small, discontinuous variations
of the thickness, assuming that the thickness does not vary in the circumferential direction.
Within the terminology of the present paper, that is to say that the direction of the stiffeners is
fixed.

The solutions a shown by the solid curve in Fig. 7 are solutions of (61) with the inequality
replaced by equality, for 11=0.25. For reasons of completeness, we also show the result for
A<.1, where, however, the stiffeners' directions are to be chosen in the way described earlier.
The two dashed lines in Fig. 7 indicate the thickness constraints h = hrnax and h = hmin•

The procedure is now as follows. Having obtained a smooth (or partially smooth) design, we
on the plate use the thickness h and the moments obtained, to calculate A and a for a selected
point. Now, if the point (A, a) falls within the hatched region of Fig. 7, we can find a suitable he
and obtain a negative integrand (55) or (59), and hence reduce the compliance by changing the
smooth design locally into the new plate model design. From Fig. 7 we can clearly see that the
possibility of smooth designs is restricted to a rather small region for combinations of A and a
In particular, we can readily exclude the possibility of smooth designs in the following cases:

(1) hmin < h <0.534hmax'

Notice that condition (65) is only in effect when hmin < 0.534hmax-

(2) A< 0.6175 or A> 1.0/0.6175.

(65)

(66)

Here, 11=0.25.
Theorem B. Suppose that there exists a subregion Os in a smooth, solid plate "optimal"

).

F"JI. 7. In the hatched region, smooth desip can be improved. a = IrIh.... A'" M.'M2, M. and M2 are the
principal moments.

SS Vol. 11. No. '-F
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design where

and where

K.·T. CHENG

hmin < h < hmm (67)

the corresponding point (A, a) lies in the hatched region of Fig. 7. (68)

The compliance can then be further decreased for unchanged material distribution by
constructing in O. a suitable, generalized new plate model instead of the original smooth one.

As mentioned in the discussion of Theorem A, the conditions in Theorem B are merely
sufficient ones. Thus, in a subregion where these conditions are not fulfilled, the new plate
model still has the possibility of being superior to the corresponding smooth one. From
Theorem B follows a useful corrollary:

Corollary 2. In any smooth part of a global optimal design of a solid plate, condition (68)
must be violated if the thickness h satisfies

hmin < h < hlMx'

Intuitively, if one obtains a smooth plate design for a large ratio between hlMx and hminl there
must be a great possibility of finding some subregions where conditions (67), (68) are satisfied.
Therefore, an entirely smooth design will hardly be a global optimal one. On the contrary, if the
ratio between hmax and hmin is small and there are only very small subregions of intermediate
thickness in the design, we may not be able to change these subregions into new model plate
regions and thereby reduce the compliance.

4. CONCLUSION

In the present paper both analytical and numerical investigations clearly show special
features of optimal design problems for solid plates. In general, global optimal solutions of the
geometrically constrained, minimum compliance design problem of thin, solid, elastic plates do
not exist within the class of continuous functions or continuous functions with a finite number
of discontinuities. To determine a possible global optimal design, the design space must
therefore be expanded such as to include the class of functions with an infinite number of
discontinuities. In this respect, the new formulation developed in this paper should be
considered. Similar conclusions [8] are to be expected in the optimization of solid plates with
respect to maximizing the fundamental frequency, buckling load, minimizing the largest
deflection, etc.
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